Classification of real low dimensional Jacobi(generalized)-Lie
  bialgebras by Rezaei-Aghdam, A. & Sephid, M.
ar
X
iv
:1
40
7.
42
36
v3
  [
ma
th-
ph
]  
24
 D
ec
 20
16
Classification of real low dimensional Jacobi (generalized)-Lie
bialgebras
A. Rezaei-Aghdam ∗ and M. Sephid †
Department of Physics, Faculty of Sciences, Azarbaijan Shahid
Madani University , 53714-161, Tabriz, Iran
July 10, 2018
Abstract
We describe the definition of Jacobi (generalized)-Lie bialgebras ((g, φ0), (g
∗, X0)) in terms of structure
constants of the Lie algebras g and g∗ and components of their 1-cocycles X0 ∈ g and φ0 ∈ g
∗ in the basis
of the Lie algebras. Then, using adjoint representations and automorphism Lie groups of Lie algebras, we
give a method for classification of real low dimensional Jacobi-Lie bialgebras. In this way, we obtain and
classify real two and three dimensional Jacobi-Lie bialgebras.
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1 Introduction
Jacobi structure on a manifold M (Jacobi manifold) has been introduced by A. Lichnerowicz [1] and, as a local
Lie algebra structure on C∞(M,R), by A. Kirillov [2]. Jacobi structures have all properties of the Poisson
structures, except that they are not necessarily derivation. Generalization of Poisson-Lie groups (a Lie group
whose Poisson structure, is compatible with the group structure [3],[4]) to Jacobi-Lie groups has been done in [5].
Of course, first, this work has been done for the Lie bialgebroids, namely, the relation between Jacobi structure
and Lie bialgebroids has been studied, in addition, the generalized Lie bialgebroids [6] (Jacobi bialgebroid [7])
have been defined; then the generalized Lie bialgebras and their group structure (i.e., Jacobi-Lie groups) have
been defined [5]. Generalized Lie bialgebras introduced by D. Iglesias and J. C. Marrero are the algebraic
structures of Jacobi-Lie groups, similar to Lie bialgebras as the algebraic structures of the Poisson-Lie groups
[3],[4]. In [5], a generalizing Yang-Baxter equation method has been proposed to obtain Jacobi-Lie bialgebras
and some examples of Jacobi-Lie bialgebras have been given. Here, we describe the definition of the Jacobi-Lie
bialgebras ((g, φ0), (g
∗, X0)) in terms of structure constants of the Lie algebras g and g
∗ and components of
their 1-cocycles X0 ∈ g and φ0 ∈ g
∗ in the basis of the Lie algebras. Then, using adjoint representations and
automorphism Lie groups of these Lie algebras, we obtain a method for classifying Jacobi-Lie bialgebras and
classify real two and three dimensional Jacobi-Lie bialgebras. The outline of the paper is as follows.
In section two, we describe the definition of the Jacobi-Lie bialgebras ((g, φ0), (g
∗, X0)) in terms of the
structure constants of the Lie algebras g and g∗ and components of 1-cocycles X0 ∈ g and φ0 ∈ g
∗ in the
basis of the Lie algebras; and at the end of this section we give a proposition about equivalence of Jacobi-Lie
bialgebras using automorphism of Lie algebras. Then, in section three we give the matrix representation of the
obtained relations (in section two) using adjoint representations. Also, we give three steps for obtaining and
classifying real low dimensional Jacobi-Lie bialgebras. In section four, in order to clarify our method, we give
a detailed example, then we obtain and classify real two and three dimensional Jacobi-Lie bialgebras by this
method. Some remarks are addressed in conclusion.
2 Jacobi-Lie bialgebra
In this section, we review the basic definitions of Jacobi (generalized)-Lie bialgebras ((g, φ0), (g
∗, X0)). Then,
we describe these definitions in terms of structure constants of the Lie algebras g and g∗ and components of
1-cocycles X0 ∈ g and φ0 ∈ g
∗ in the basis of the Lie algebras.
Definition 1 [5]: A Jacobi-Lie bialgebra is a pair ((g, φ0), (g
∗, X0)), where (g, [, ]
g) is a real Lie algebra of
finite dimension with Lie bracket [, ]g, so that the dual space g∗ is also a Lie algebra with bracket [, ]g
∗
, X0 ∈ g
and φ0 ∈ g
∗ are 1-cocycles on g∗ and g, respectively, and ∀X,Y ∈ g we have
d∗X0 [X,Y ]
g = [X, d∗X0Y ]
g
φ0
− [Y, d∗X0X ]
g
φ0
, (1)
φ0(X0) = 0, (2)
iφ0(d∗X) + [X0, X ] = 0, (3)
where iφ0P is contraction of a P ∈ ∧
kg to a tensor ∧k−1g; furthermore d∗ being the Chevalley-Eilenberg
differential of g∗ acting on g and d∗X0 is its generalization such that we have
d∗X0Y = d∗Y +X0 ∧ Y, (4)
meanwhile [, ]gφ0 is φ0-Schouten-Nijenhuis bracket with the following properties
∀P ∈ ∧kg, P ′ ∈ ∧k
′
g, P
′′
∈ ∧k
′′
g,
[P, P ′]φ0 = [P, P
′] + (−1)k+1(k − 1)P ∧ iφ0P
′ − (k′ − 1)iφ0P ∧ P
′, (5)
[P, P ′]φ0 = (−1)
kk′ [P ′, P ]φ0 , (6)
2
[P, P ′ ∧ P
′′
]φ0 = [P, P
′]φ0 ∧ P
′′
+ (−1)k
′(k+1)P ′ ∧ [P, P
′′
]φ0 − (iφ0P ) ∧ P
′
∧ P
′′
, (7)
(−1)kk
′′
[[P, P ′]φ0 , P
′′
]φ0 + (−1)
k′k
′′
[[P
′′
, P ]φ0 , P
′]φ0 + (−1)
kk′ [[P ′, P
′′
]φ0 , P ]φ0 = 0. (8)
Moreover, in the above definition, the φ0(X0) means the natural inner product of the dual spaces g and g
∗.
Note that, the above definition is symmetric with respect to (g, φ0) and (g
∗, X0) i.e., if ((g, φ0), (g
∗, X0)) is
a Jacobi-Lie bialgebra then ((g∗, X0), (g, φ0)) is also a Jacobi-Lie bialgebra, for this case, we have d as the
Chevalley-Eilenberg differential of g acting on g∗ and it has the following φ0 ∈ g
∗ generalization
∀w ∈ ∧kg∗ dφ0w = dw + φ0 ∧ w, (9)
with the Schouten-Nijenhuis bracket replaced by
[Q,Q′]g
∗
X0
= [Q,Q′]g
∗
+ (−1)k+1(k − 1)Q ∧ iX0Q
′ − (k′ − 1)iX0Q ∧Q
′, (10)
∀ Q ∈ ∧kg∗,Q′ ∈ ∧k
′
g∗; with the properties (6)-(8) similar to [, ]gφ0 .
Remark 2 [5]: In the above definition, X0 and φ0 are 1-cocycles on g
∗ and g, respectively, i.e., we must have
d∗X0 = 0, (11)
dφ0 = 0. (12)
Remark 3 : In the case of φ0 = 0 and X0 = 0 the definition 1 recovers the concept of a Lie bialgebra [3], that
is, a pair of dual Lie algebras (g,g∗) such that relation (1) reduces to the following one
d∗[X,Y ]
g = [X, d∗Y ]
g − [Y, d∗X ]
g. (13)
For the above case, there is a correspondence between Lie bialgebra (g,g∗) and the Manin triple (g⊕ g∗,g,g∗)
such that the direct sum g ⊕ g∗ is a Lie algebra when g and g∗ are isotropic subspaces of g ⊕ g∗ with respect
to ad-invariant symmetric pairing [4]. But, for the Jacobi-Lie bialgebra ((g, φ0), (g
∗, X0)) in the sense of Tan
and Liu [8], we have the following bilinear skew-symmetric bracket on the space g ⊕ g∗
[X ⊕ ζ, Y ⊕ η]g⊕g
∗
= ([X,Y ]g + (L∗X0 )ζY − (L∗X0)ηX −
1
2 (ζ(Y )− η(X))X0)
⊕ ([ζ, η]g
∗
+ (Lφ0)Xη − (Lφ0)Y ζ +
1
2
(ζ(Y )− η(X))φ0), (14)
∀X,Y ∈ g and ζ, η ∈ g∗; such that Lie derivative L∗X0 (resp. Lφ0) of g
∗(resp. g) on g(resp. g∗) are defined
as follows1
∀w ∈ ∧kg∗, X ∈ g (Lφ0)Xw = (dφ0 ◦ iX + iX ◦ dφ0)w, (15)
and
∀ ξ ∈ g∗ (L∗X0 )ξP = (d∗X0 ◦ iξ + iξ ◦ d∗X0)P, (16)
where, for P ∈ ∧kg (resp. w ∈ ∧kg∗), φ0 (resp. X0)-Lie derivative are defined by φ0 (resp. X0)-Schouten
Nijenhuis brackets in the following forms
(Lφ0)XP = [X,P ]
g
φ0
, (17)
and
(L∗X0)ξw = [ξ, w]
g∗
X0
. (18)
In general, the (g⊕ g∗, [, ]g⊕g
∗
) is not a Lie algebra, i.e., the Jacobi identities do not satisfy the algebra g⊕ g∗
[5, 8]. Now, choosing the basis of the Lie algebras g and g∗ as {Xi} and {X˜
i}, respectively, we try to express
the above definitions in terms of structure constants. We have
1For general definition of the differential and the Lie derivative associated with a 1-cocycle, one can see [5, 6, 9].
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[Xi, Xj ] = fij
kXk , [X˜
i, X˜j] = f˜ ijkX˜
k, (19)
where fij
k and f˜ ijk are the structure constants of the Lie algebras g and g
∗, respectively, such that they satisfy
the following Jacobi identities
fij
kfkm
n + fik
nfmj
k + fjk
nfim
k = 0, (20)
f˜ ijkf˜
km
n + f˜
im
kf˜
jk
n + f˜
jm
kf˜
ki
n = 0. (21)
Furthermore, according to duality between g and g∗ we have
< Xi, X˜
j >= δi
j . (22)
On the other hand, we know that for the Lie bialgebras by choosing [10]
d∗Xi = −
1
2
f˜ jkiXj ∧Xk, (23)
the relation (13) can be rewritten in terms of fij
k and f˜ ijk as the following mixed-Jacobi identities
fij
kf˜mnk = fik
mf˜knj + fik
nf˜mkj + fkj
mf˜kni + fkj
nf˜mki, (24)
and using the ad-invariant symmetric bilinear form on the Manin triple of Lie bialgebras g ⊕ g∗, one can find
the following commutation relation [3]
[Xi, X˜
j] = f˜ jkiXk + fki
jX˜k, (25)
where the relation (24) together with (20) and (21) are the Jacobi identities on the Lie algebra g⊕g∗. Now, for
Jacobi-Lie bialgebra (1)-(3) and (11)-(12) one can also apply the relation (23) as Chevalley-Eilenberg differential.
In this way, expanding X0 ∈ g and φ0 ∈ g
∗ in terms of the basis of the Lie algebras g and g∗
X0 = α
iXi , φ0 = βjX˜
j, (26)
and using (4), (19) and (23), after some calculations, the relations (1)-(3) and (11)-(12) can be rewritten as
follows, respectively,
fij
kf˜mnk − fik
mf˜knj − fik
nf˜mkj − fkj
mf˜kni − fkj
nf˜mki + βif˜
mn
j − βj f˜
mn
i + α
mfij
n − αnfij
m
+ (αkfik
m − αmβi)δj
n − (αkfjk
m − αmβj)δi
n − (αkfik
n − αnβi)δj
m + (αkfjk
n − αnβj)δi
m = 0, (27)
αiβi = 0, (28)
αnfni
m − βnf˜
nm
i = 0, (29)
αif˜mni = 0, (30)
βifmn
i = 0. (31)
Furthermore, from (14)-(16) and (19),(22) after some calculation, one can find the commutation relations
between {Xi} and {X˜
j} as follows
[Xi, X˜
j ] = (f˜ jki +
1
2
αkδi
j − αjδi
k)Xk + (fki
j −
1
2
βkδi
j + βiδk
j)X˜k. (32)
Note that the relations (20)-(21) and (27)-(31) and (32) are the algebraic definitions for the Jacobi-Lie bialgebras
in terms of basis {Xi} and {X˜
j} and in this sense, these are a generalization of the ordinary Lie bialgebras
(19)-(21) and (24)-(25)2.
2Note that relations (27)-(32) for αi = βi = 0, reduce to (24) and (25).
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Definition 4 A Jacobi-Lie bialgebra is a pair ((g, φ0), (g
∗, X0)) where (g, [, ]
g) is a real Lie algebra of finite
dimension with the Lie bracket [, ]g and the basis {Xi} and Lie algebra g
∗ (where it is dual space of g) with
Lie bracket [, ]g
∗
and basis {X˜ i}, such that X0 = α
iXi ∈ g and φ0 = βjX˜
j ∈ g∗ are 1-cocycles on g∗ and g,
respectively, i.e.,
[Xi, Xj ] = fij
kXk , [X˜
i, X˜j] = f˜ ijkX˜
k,
αif˜mni = 0 , βifmn
i = 0,
and we have
fij
kf˜mnk − fik
mf˜knj − fik
nf˜mkj − fkj
mf˜kni − fkj
nf˜mki + βif˜
mn
j − βj f˜
mn
i + α
mfij
n − αnfij
m
+(αkfik
m − αmβi)δj
n − (αkfjk
m − αmβj)δi
n − (αkfik
n − αnβi)δj
m + (αkfjk
n − αnβj)δi
m = 0,
αiβi = 0,
αnfni
m − βnf˜
nm
i = 0,
where the commutation relations between {Xi} and {X˜
j} are as follows
[Xi, X˜
j ] = (f˜ jki +
1
2
αkδi
j − αjδi
k)Xk + (fki
j −
1
2
βkδi
j + βiδk
j)X˜k.
These relations can be applied for finding and classifying the Jacobi-Lie bialgebras in low dimensions similar
to the Lie bialgebras and Lie super bialgebras in low dimensions [11, 12]. To this aim, we prove the following
proposition.
Proposition 5 Two Jacobi-Lie bialgebras ((g, φ0), (g
∗, X0)) and ((g, φ
′
0), (g
∗′, X ′0)) are equivalent, if there exist
A ∈ Aut(g) (automorphism group of the Lie algebra g) such that
f˜ ijn(g∗′) = (A
−t)ikf˜
kl
m(g∗)(A
−t)j l(A
t)mn, (33)
α′i = (A−t)imα
m, (34)
β′i = Ai
mβm, (35)
where Am
ns are the elements of the automorphism matrix A for the Lie algebra g and X ′0 = α
′iXi , φ
′
0 = β
′
jX˜
′j
so that {X˜ ′j} is the basis of g∗′.
Proof: From the definition of automorphism of the Lie algebra; A : g→ g in terms of the basis Xj we have
AXi = Ai
jXj, (36)
where Ai
js satisfy the following relation
Ai
mfmn
kAj
n = fij
lAl
k. (37)
Now, applying (37) in (27), one can obtain relations (33)-(35) where α′i, β′i and f˜
ij
n(g∗′) are satisfied in the
relations (27)-(31) and these show that ((g, φ′0), (g
∗′, X ′0)) is also a Jacobi-Lie bialgebra and is equivalent to the
Jacobi-Lie bialgebra ((g, φ0), (g
∗, X0)).
The above proposition in the case of φ0 = 0 and X0 = 0 recovers the equivalency between Lie bialgebras (g, δ)
and (g, δ
′
) [10] i.e., the relation
δ
′
= (A⊗A) ◦ δ ◦A−1. (38)
In this way, one can apply the definition 4 and proposition 5 for obtaining and classifying the Jacobi-Lie
bialgebras, directly.
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3 Calculation of Jacobi-Lie bialgebras using adjoint representation
In this section, using adjoint representation of the Lie algebras g and g∗ in (21) and (27)-(31), we provide a
procedure like [12] for calculating and classifying low dimensional Jacobi-Lie bialgebras. Because of tensorial
form of mentioned relations, working with them is very difficult, so, we suggest writing these equations in matrix
forms using the following adjoint representations for the Lie algebras g and g∗
(Xi)j
k = −fij
k , (Yk)ij = −fij
k, (39)
(X˜ i)jk = −f˜
ij
k , (Y˜k)
ij = −f˜ ijk, (40)
Then, the matrix forms of the relations (21) and (27)-(31) become as follows, respectively,
(X˜ i)j kX˜
k + X˜ iX˜ j − X˜ jX˜ i = 0, (41)
(Dmn)ij + Ci
mδj
n − Cj
mδi
n − Ci
nδj
m + Cj
nδi
m = 0, (42)
Tr(ABt) = 0, (43)
αi(Xi)
t − βiX˜
i = 0, (44)
αiY˜i = 0, (45)
βiY
i = 0, (46)
where the matrices C and Dmn have the following forms
C = αkXk − BA
t,
Dmn = (X˜m)nkY
k + YmX˜n − YnX˜m + (X˜n)tYm − (X˜m)tYn + B(F˜mn)t − F˜mnBt + αnYm − αmYn, (47)
and A,B and F˜ represent the following column matrices (where d is dimension of the Lie algebras g and g∗).
A =


α1
α2
.
.
.
αd


, B =


β1
β2
.
.
.
βd


, F˜mn =


f˜mn1
f˜mn2
.
.
.
f˜mnd


. (48)
Now, by substituting the structure constants of Lie algebra g in the matrix equations (42)-(46) and solving
these equations simultaneously using (41), we obtain the structure constants of dual Lie algebras g∗ and the
matrices A,B so that ((g, φ0), (g
∗, X0)) is a Jacobi-Lie bialgebra. By this method, we will classify two and three
dimensional Jacobi-Lie bialgebras. We perform this work in the following three steps.
Step 1: Solving the equations (41)-(46) and determining the Lie algebras g′ which are isomorphic with dual
solutions g∗
By solving matrix equations (41)-(46) for obtaining matrices X˜ i, A and B, some structure constants of g∗
and also some coefficients of αi and βi are obtained to be zero, some are unknown and some are obtained in
terms of each other. In order to know whether g∗ is one of the known Lie algebras of the classification table or
it is isomorphic to them, we must use the following isomorphism relation between the obtained Lie algebras g∗
and one of the known Lie algebras of the classification table, e.g. g′. Applying the following transformation for
a change of basis g∗, we have
X˜
′ i = CijX˜
j , [X˜
′ i, X˜
′ j ] = f˜
′ ij
kX˜
′ k. (49)
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Then, we obtain the following matrix equations for isomorphism
C (Cik X˜
k
(g∗)) = X
i
(g′) C, (50)
where X i(g′) are adjoint matrices of the known Lie algebra g
′ of the classification table. Solving equation (50)
with the condition detC 6= 0, we obtain some extra conditions on f˜kl(g∗) ms which were obtained from (41)-(46).
Step 2: Obtaining general form of the transformation matrices B : g′ −→ g′.i; such that ((g, φ′0), (g
′.i, X ′0))
is a Jacobi-Lie bialgebra
As the second step, we transform Jacobi-Lie bialgebra ((g, φ0), (g
∗, X0)) (where in the Lie algebra g
∗ we
impose the extra conditions obtained in the step one) to Jacobi-Lie bialgebra ((g, φ′0), (g
′.i, X ′0)) (where g
′.i is
isomorphic as Lie algebra with g′) using an automorphism A of the Lie algebra g. As the inner product (22) is
invariant, we have A−t : g∗ −→ g′.i,
X ′i = Ai
kXk, X˜
′ j = (A−t)j lX˜
l, < X ′i, X˜
′ j >= δi
j , (51)
where A−t is inverse transpose of every matrix A ∈ Aut(g). Thus, we have the following relation
(A−t)ikf˜
kl
(g∗) m(A
−t)j l = f
ij
(g′.i) n(A
−t)nm. (52)
Now, for obtaining Jacobi-Lie bialgebras ((g, φ′0), (g
′.i, X ′0)), we must obtain Lie algebras g
′.i or transformations
B : g′ −→ g′.i such that
Bikf
kl
(g′) mB
j
l = f
ij
(g′.i) nB
n
m. (53)
To this end, it is enough to omit f ij(g′.i) n between (52) and (53). Then, we will have the following matrix
equation for B
(A−t)imX˜
t m
(g∗)A
−1 = (BtA)−1(BikX
t k
(g′))B
t. (54)
By solving (54), we obtain the general form of matrix B with the condition detB 6= 0. In solving equation (54),
one can obtain conditions on the elements of the matrix A; and only these conditions should be considered
under which we have detA 6= 0.
Step 3: Obtaining the non-equivalent Jacobi-Lie bialgebras
Having solved (54), we obtain the general form of the matrix B so that its elements are written in terms
of the elements of matrices A, C and structure constants f˜ ij(g∗) k and some α
i and βi. Now, by substituting B
in (53), we obtain structure constants f ij(g′.i) n of the Lie algebra g
′.i in terms of elements of matrices A and
C and some f˜ ij(g∗) ks, and also using (34) and (35), we obtain the α
′i and β′i or column matrices A
′ and B′.
Then, we check whether it is possible to equalize some structure constants f ij(g′.i) n with each other and with
±1 such that detA 6= 0, detB 6= 0 and detC 6= 0. In this way, we obtain matrices B1, B2,... and also A
′′ and
B′′,... . Note that in obtaining Bis, we impose the condition BBi
−1 ∈ Autt(g) (where Autt(g) is the transpose
of Aut(g)); if this condition is not satisfied, we can not impose it on the structure constants because B and Bi
are not equivalent.
Now, using isomorphism matrices B1, B2, ... and also A
′,A′′ and B′,B′′, ... we can obtain Jacobi-Lie
bialgebras ((g, φ′0), (g
′.i, X ′0)), ((g, φ
′′
0 ), (g
′.ii,X ′′0 )),... . But, there is a question: which of these Jacobi-Lie
bialgebras are equivalent? To answer this question, we use the matrix form of the relation (33). Consider the
two Jacobi-Lie bialgebras ((g, φ′0), (g
′.i, X ′0)) and ((g, φ
′′
0 ), (g
′.ii,X ′′0 )), using
A(Xi) = Ai
jXj , (55)
the relation (33) will have the following matrix form
At((At)ikX(g′.i)
k) = X(g′.ii)
iAt. (56)
On the other side, the transformation matrix between g′.i and g′.ii is B2B
−1
1 if B1 : g
′ −→ g′.i and B2 : g
′ −→
g′.ii; then we have
(B2B
−1
1 )((B2B
−1
1 )
i
kX(g′.i)
k) = X(g′.ii)
i(B2B
−1
1 ). (57)
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A comparison of (57) with (56) reveals that if B2B
−1
1 ∈ A
t such that we have also A′′ = A−tA′ and B′′ = AB′,
then the Jacobi-Lie bialgebras ((g, φ′0), (g
′.i, X ′0)) and ((g, φ
′′
0 ), (g
′.ii,X ′′0 )) are equivalent. In this way, we
obtain nonequivalent classes of Bis and As and Bs such that we consider only one element of this class. Note
that, for obtaining and fixing αi, βi we must impose conditions which were obtained for the elements f
ij
(g′.i)s
and elements of automorphism group in relations (34) and (35), then we have to fix elements of α′i and β′i
with constant values (0,1,...), used in those relations. In this manner, we obtain φ′0, X
′
0 and then Jacobi-Lie
bialgebras ((g, φ′0), (g
′.i, X ′0)); such that one can classify all Jacobi-Lie bialgebras. In the next section, we apply
this formulation to classify real two and three dimensional Jacobi-Lie bialgebras.
4 Classification of real two and three dimensional Jacobi-Lie bial-
gebras
In this section, we will use the classification of real two and three dimensional Lie algebras and their automor-
phism groups. It should be noted that for real two dimensional Lie algebras, we will use the classification of
the ref [13] as table 1 and for real three dimensional case we will use the Bianchi classification [14] as table 2.
Table 1: Real two dimensional Lie algebras
Lie Algebra Commutation relations
A1 [Xi,Xj ] = 0
A2 [X1,X2] = X1
Table 2: Real three dimensional Lie algebras
Lie Algebra Commutation relations Comments
I [Xi, Xj ] = 0
II [X2,X3] = X1
III [X1,X2] = −(X2 +X3),[X1, X3] = −(X2 +X3)
IV [X1,X2] = −(X2 −X3),[X1, X3] = −X3
V [X1,X2] = −X2,[X1,X3] = −X3
V I0 [X1,X3] = X2,[X2,X3] = X1
V Ia [X1,X2] = −(aX2 +X3),[X1,X3] = −(X2 + aX3) a ∈ ℜ − {1}, a > 0
V II0 [X1,X3] = −X2,[X2,X3] = X1
V IIa [X1,X2] = −(aX2 −X3),[X1,X3] = −(X2 + aX3) a ∈ ℜ, a > 0
V III [X1,X2] = −X3,[X1,X3] = −X2,[X2,X3] = X1
IX [X1,X2] = X3,[X1,X3] = −X2,[X2,X3] = X1
As mentioned in the previous section, for obtaining Jacobi-Lie bialgebras, automorphism groups are necessary.
These automorphism groups have been calculated using the transformation (37), or in the matrix form (with
condition detA 6= 0)[10](see also [15]) using the following relation
AYkAt = YiAi
k. (58)
The results are given in table 3.
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Table 3: Automorphism groups of the real two and three dimensional Lie algebras
Lie Algebra Automorphism groups Comments
A1 GL(2, R)
A2
(
a 0
b 1
)
a ∈ ℜ− {0}
I GL(3, R)
II

 bf − ce 0 0a b c
d e f

 a, b, c, d, e, f ∈ ℜ, bf 6= ce
III

 1 a b0 c d
0 d c

 a, b, c, d ∈ ℜ, c 6= ±d
IV

 1 a b0 c d
0 0 c

 a, b, d ∈ ℜ, c ∈ ℜ− {0}
V

 1 a b0 c d
0 e f

 a, b, c, d, e, f ∈ ℜ, cf 6= ed
V I0

 a b 0b a 0
c d 1

,

 a b 0−b −a 0
c d −1

 a, b, c, d ∈ ℜ, a 6= ±b
V Ia

 1 b c0 d e
0 e d

 b, c, d, e ∈ ℜ, d 6= ±e
V II0

 a b 0−b a 0
c d 1

,

 a b 0b −a 0
c d −1

 a, b, c, d ∈ ℜ, a2 + b2 6= 0
V IIa

 1 b c0 d −e
0 e d

 b, c, d, e ∈ ℜ, d2 + e2 6= 0
V III SL(2, R)
IX SO(3)
Now, using the method considered in section 3 and applyingMAPLE program for solving our equations (41)-(46),
we classify real two and three dimensional Jacobi-Lie bialgebras. Let us investigate an example for explaining
the method and steps mentioned in the previous section.
4.1 An example
In the following, we explain our method for this classification by describing the details of the calculations for
obtaining the Jacobi-Lie bialgebra ((III,−2X˜1), (V.i,−[X2 +X3])). By substituting the structure constants of
Lie algebra III in the matrix equations (41)-(46), we obtain the following form for the structure constants of
g∗ and matrices A,B
f˜121 = f˜
13
1 = α , f˜
23
1 = β , f˜
23
2 = −f˜
23
3 = γ , A =


0
−α
−α

 , B =


−2
0
0

 . (59)
Using (50), the obtained Lie algebra g∗ is isomorphic with the Lie algebra V by the following isomorphism
matrix
C =


c11 −
γc31−1
γ
c13
c21 −c23 c23
c31 −c33 c33

 , (60)
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by assuming the conditions α = γ and β = 0. Now, by substituting the above results and the automorphism
group of the Lie algebra III in (54) one can obtain the following form for the matrix B
B =


0 b12 b13
γ
c+d b22 b23
γ
c+d b32 b33

 , (61)
where condition detB 6= 0 requires γ 6= 0. Then, using (53) and (34)-(35) we have the following commutation
relations for the algebra g′.i and the following forms for A′,B′
[X˜1, X˜2] = α′X˜1, [X˜1, X˜3] = α′X˜1, [X˜2, X˜3] = α′(X˜2 − X˜3),A′ =


0
−α′
−α′

 , B′ =


−2
0
0

 , (62)
where α′ = γ
c+d such that α
′ 6= 0 3. Now, if α′ = 1 i.e., γ = c+ d we have
B′ =


0 b′12 b
′
13
1 b′22 b
′
23
1 b′32 b
′
33

 , A′′ =


0
−1
−1

 , B′′ =


−2
0
0

 . (63)
Since B′B−1 ∈ At, then B′ is equivalent to B and according to the relations (34) and (35), A′ and B′ is
equivalent to A′′ and B′′, respectively, where A is automorphism group of the Lie algebra III. This equivalency
indicate that one can choose α′ = 1. In this way, we obtain the Jacobi-Lie bialgebra ((III, φ0), (V.i,X0)) where
X0 = −(X2 +X3) and φ0 = −2X˜
1 and commutation relations for V.i as
[X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜2 − X˜3. (64)
Note that, we have two classes of Jacobi-Lie bialgebras; the first class is Jacobi-Lie bialgebras with X0,φ0 6= 0
and the second class is Jacobi-Lie bialgebras with X0 or φ0 = 0
4. We classify real two and three dimensional
Jacobi-Lie bialgebras in tables 4, 5 and 6, 7, respectively, as follows.
Table 4: Real two dimensional Jacobi-Lie bialgebras with X0,φ0 6= 0
g g
∗ Commutation relations of g∗ X0 φ0 Comments
A1 A1 [X˜i, X˜j ] = 0 X2 X˜1
A2 A2.i [X˜1, X˜2] = X˜2 −αX1 αX˜2 α ∈ ℜ − {0}
Table 5: Real two dimensional Jacobi-Lie bialgebras with φ0 = 0
g g
∗ Commutation relations of g∗ X0 Comments
A1 A1 [X˜i, X˜j ] = 0 X1 +X2
A1 A2 [X˜1, X˜2] = X˜1 αX2 α ∈ ℜ− {0}
3Here, in the above relations, a, b, c, d are elements of automorphism group of the Lie algebra III (see table 3).
4If ((g, φ0), (g∗, X0)) being a Jacobi-Lie bialgebra, then ((g∗,X0), (g, φ0)) is also a Jacobi-Lie bialgebra, therefore, in this paper
(for state with X0 or φ0 = 0) we have only presented Jacobi-Lie bialgebras with φ0 = 0 .
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Table 6: Real three dimensional Jacobi-Lie bialgebras with X0,φ0 6= 0
g g
∗ Commutation relations of g∗ X0 φ0 Comments
I III [X˜1, X˜2] = −(X˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + X˜3) −2X1 −(X˜2 − X˜3)
II III [X˜1, X˜2] = −(X˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + X˜3) −2X1 −(X˜2 − X˜3)
III III.i [X˜2, X˜3] = −α+2
α
(X˜2 + X˜3) −(X2 −X3) αX˜1 α ∈ ℜ − {0}
III III.ii [X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1 −2X2 −2X˜1
III III.ii [X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1 −(X2 +X3) −2X˜1
III III.iii [X˜1, X˜2] = −X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = −2X˜1 X2 +X3 −(X˜2 − X˜3)
III III.iv [X˜1, X˜2] = α
2
(X˜2 + X˜3), [X˜1, X˜3] = α
2
(X˜2 + X˜3), [X˜2, X˜3] = X˜2 + X˜3 αX1 −α(X˜2 − X˜3) α ∈ ℜ − {0}
III V.i [X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜2 − X˜3 −(X2 +X3) −2X˜1
IV III.v [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜1 −X3 −X˜1
IV III.vi [X˜1, X˜2] = X˜1, [X˜2, X˜3] = X˜1 −(X2 +X3) −X˜1
IV IV.i [X˜1, X˜3] = αX˜1, [X˜2, X˜3] = X˜1 + αX˜2 −ǫαX3 −ǫX˜1 ǫ = 1, 2 , α > 0
IV IV.ii [X˜1, X˜3] = αX˜1, [X˜2, X˜3] = −X˜1 + αX˜2 −ǫαX3 −ǫX˜1 ǫ = 1, 2 , α > 0
IV V.ii [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜2 −ǫX3 −ǫX˜1 ǫ = 1, 2
IV V I0.i [X˜1, X˜3] = X˜1, [X˜2, X˜3] = −X˜2 −X3 −X˜1
IV V Ia.i [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a+1
a−1
X˜2 −X3 −X˜1 a > 0 , a 6= 1
IV V Ia.ii [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a−1
a+1
X˜2 −X3 −X˜1 a > 0 , a 6= 1
IV V Ia.i [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a+1
a−1
X˜2 − 2a
a−1
X3 −
2a
a−1
X˜1 a > 0 , a 6= 1
IV V Ia.ii [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a−1
a+1
X˜2 − 2a
a+1
X3 −
2a
a+1
X˜1 a > 0 , a 6= 1
V V.i [X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜2 − X˜3 −ǫ(X2 +X3) −ǫX˜1 ǫ = 1, 2
V V I0.i [X˜1, X˜3] = X˜1, [X˜2, X˜3] = −X˜2 −X3 −X˜1
V V Ia.i [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a+1
a−1
X˜2 −X3 −X˜1 a > 0 , a 6= 1
V V Ia.ii [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a−1
a+1
X˜2 −X3 −X˜1 a > 0 , a 6= 1
V V Ia.i [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a+1
a−1
X˜2 − 2a
a−1
X3 −
2a
a−1
X˜1 a > 0 , a 6= 1
V V Ia.ii [X˜1, X˜3] = X˜1, [X˜2, X˜3] =
a−1
a+1
X˜2 − 2a
a+1
X3 −
2a
a+1
X˜1 a > 0 , a 6= 1
V I0 III.vii [X˜1, X˜3] = X˜3, [X˜2, X˜3] = X˜3 −(X1 +X2) X˜3
V I0 III.viii [X˜1, X˜3] = −X˜3, [X˜2, X˜3] = X˜3 −(X1 −X2) X˜3
V I0 III.ix [X˜1, X˜2] = X˜3, [X˜2, X˜3] = X˜3 −X1 X˜3
V I0 V I0.ii [X˜1, X˜2] = X˜1 + X˜2, [X˜1, X˜3] = −X˜3, [X˜2, X˜3] = X˜3 −ǫ(X1 −X2) ǫX˜3 ǫ = 1,−2
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Table 6: Real three dimensional Jacobi-Lie bialgebras with X0,φ0 6= 0 (Continued.)
g g
∗ Commutation relations of g∗ X0 φ0 Comments
V I0 V Ia.iii [X˜1, X˜2] = −
a+1
a−1
(X˜1 + X˜2), [X˜1, X˜3] = −X˜3, [X˜2, X˜3] = X˜3 −(X1 −X2) X˜3 a > 0 , a 6= 1
V I0 V Ia.iv [X˜1, X˜2] = −
a−1
a+1
(X˜1 + X˜2), [X˜1, X˜3] = −X˜3, [X˜2, X˜3] = X˜3 −(X1 −X2) X˜3 a > 0 , a 6= 1
V I0 V Ia.iii [X˜1, X˜2] = −
a+1
a−1
(X˜1 + X˜2), [X˜1, X˜3] = −X˜3, [X˜2, X˜3] = X˜3 − 2
a−1
(X1 −X2)
2
a−1
X˜3 a > 0 , a 6= 1, 3
V I0 V Ia.iv [X˜1, X˜2] = −
a−1
a+1
(X˜1 + X˜2), [X˜1, X˜3] = −X˜3, [X˜2, X˜3] = X˜3 2
a+1
(X1 −X2) −
2
a+1
X˜3 a > 0 , a 6= 1
V Ia III.ii [X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1 −(X2 +X3) −(a+ 1)X˜1 a > 0 , a 6= 1
V Ia III.ii [X˜1, X˜2] = X˜1, [X˜1, X˜3] = X˜1 −
a−1
a+1
(X2 +X3) −(a− 1)X˜1 a > 0 , a 6= 1
V Ia III.v [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜1
1
a−1
(X2 − aX3) −(a+ 1)X˜1 a > 0 , a 6= 1
V Ia III.v [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜1
1
a+1
(X2 − aX3) −(a− 1)X˜1 a > 0 , a 6= 1
V Ia III.x [X˜1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1 −(X2 −X3) −(a− 1)X˜1 a > 0 , a 6= 1
V Ia III.x [X˜1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1 −
a+1
a−1
(X2 −X3) −(a+ 1)X˜1 a > 0 , a 6= 1
V Ia V Ib.v [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = b+1
b−1
(X˜2 − X˜3) −(X2 +X3) −(a+ 1)X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
V Ia V Ib.vi [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = b−1
b+1
(X˜2 − X˜3) −(X2 +X3) −(a+ 1)X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
V Ia V Ib.vii [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = − b+1
b−1
(X˜2 + X˜3) −(X2 −X3) −(a− 1)X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
V Ia V Ib.viii [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = − b−1
b+1
(X˜2 + X˜3) −(X2 −X3) −(a− 1)X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
V Ia V Ib.v [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = b+1
b−1
(X˜2 − X˜3) −
2(ab+1)
(a+1)(b−1)
(X2 +X3) −
2(ab+1)
b−1
X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
b 6= − a+3
a−1
V Ia V Ib.vi [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = b−1
b+1
(X˜2 − X˜3) − 2(ab−1)
(a+1)(b+1)
(X2 +X3) −
2(ab−1)
b+1
X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
b 6= a+3
a−1
V Ia V Ib.vii [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = − b+1
b−1
(X˜2 + X˜3) − 2(ab−1)
(a−1)(b−1)
(X2 −X3) −
2(ab−1)
b−1
X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
b 6= − a−3
a+1
V Ia V Ib.viii [X˜
1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = − b−1
b+1
(X˜2 + X˜3) −
2(ab+1)
(a−1)(b+1)
(X2 −X3) −
2(ab+1)
b+1
X˜1 a > 0 , a 6= 1
b > 0 , b 6= 1
b 6= a−3
a+1
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Table 7: Real three dimensional Jacobi-Lie bialgebras with φ0 = 0
g g
∗ Commutation relations of g∗ X0 Comments
I I [X˜i, X˜j ] = 0 X1
I II [X˜2, X˜3] = X˜1 X3
I III [X˜1, X˜2] = −(X˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + X˜3) bX1 b ∈ ℜ − {0}
I III [X˜1, X˜2] = −(X˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + X˜3) −(X2 −X3)
I IV [X˜1, X˜2] = −(X˜2 − X˜3), [X˜1, X˜3] = −X˜3 bX1 b ∈ ℜ − {0}
I V [X˜1, X˜2] = −X˜2, [X˜1, X˜3] = −X˜3 bX1 b ∈ ℜ − {0}
I V I0 [X˜1, X˜3] = X˜2, [X˜2, X˜3] = X˜1 bX3 b > 0
I V Ia [X˜1, X˜2] = −(aX˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + aX˜3) bX1 a > 0, a 6= 1
b ∈ ℜ − {0}
I V II0 [X˜1, X˜3] = −X˜2, [X˜2, X˜3] = X˜1 bX3 b > 0
I V IIa [X˜1, X˜2] = −(aX˜2 − X˜3), [X˜1, X˜3] = −(X˜2 + aX˜3) bX1 a > 0
b ∈ ℜ − {0}
II I [X˜i, X˜j ] = 0 X1
II II.i [X˜1, X˜3] = X˜2 X1
II II.ii [X˜1, X˜3] = −X˜2 X1
II III [X˜1, X˜2] = −(X˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + X˜3) bX1 b ∈ ℜ − {0}
II IV [X˜1, X˜2] = −(X˜2 − X˜3), [X˜1, X˜3] = −X˜3 bX1 b ∈ ℜ − {0}
II IV.iii [X˜1, X˜2] = X˜2 − X˜3, [X˜1, X˜3] = X˜3 bX1 b ∈ ℜ − {0}
II V [X˜1, X˜2] = −X˜2, [X˜1, X˜3] = −X˜3 bX1 b ∈ ℜ − {0}
II V I0.iii [X˜1, X˜2] = X˜3, [X˜1, X˜3] = X˜2 bX1 b > 0
II V Ia [X˜1, X˜2] = −(aX˜2 + X˜3), [X˜1, X˜3] = −(X˜2 + aX˜3) bX1 a > 0, a 6= 1
b ∈ ℜ − {0}
II V II0.i [X˜1, X˜2] = −X˜3, [X˜1, X˜3] = X˜2 bX1 b > 0
II V II0.ii [X˜1, X˜2] = X˜3, [X˜1, X˜3] = −X˜2 bX1 b > 0
II V IIa [X˜1, X˜2] = −(aX˜2 − X˜3), [X˜1, X˜3] = −(X˜2 + aX˜3) bX1 a > 0
b ∈ ℜ − {0}
II V IIa.i [X˜1, X˜2] = aX˜2 − X˜3, [X˜1, X˜3] = X˜2 + aX˜3 bX1 a > 0
b ∈ ℜ − {0}
III III.v [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜1 1
2
(X2 −X3)
III III.x [X˜1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1 −(X2 −X3)
III IV.iv [X˜1, X˜2] = −X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜1 + X˜2 + X˜3 X2 −X3
III V.iii [X˜1, X˜2] = −X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = X˜2 + X˜3 X2 −X3
III V I0.iv [X˜1, X˜2] = −X˜1, [X˜1, X˜3] = X˜1, [X˜2, X˜3] = −(X˜2 + X˜3) X2 −X3
III V Ia.vii [X˜1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = −
a+1
a−1
(X˜2 + X˜3) −(X2 −X3) a > 0, a 6= 1
III V Ia.viii [X˜1, X˜2] = X˜1, [X˜1, X˜3] = −X˜1, [X˜2, X˜3] = −
a−1
a+1
(X˜2 + X˜3) −(X2 −X3) a > 0, a 6= 1
5 Conclusion
In this paper, we have described the definition of the Jacobi (generalized)-Lie bialgebras ((g, φ0), (g
∗, X0)) in
terms of structure constants of the Lie algebras g and g∗ and components of their 1-cocycles X0 ∈ g and
13
φ0 ∈ g
∗. In this way, we have obtained a method to classify real low dimensional Jacobi-Lie bialgebras. By
this method, we have classified real two and three dimensional Jacobi-Lie bialgebras. Now, using generalized
coboundary equation presented in [5], one can obtain the classical r-matrices of these Jacobi-Lie bialgebras
and Jacobi brackets for their Jacobi-Lie groups. There are some physical applications in this direction; such as
constructing integrable models, quantizing these Jacobi-Lie bialgebras, generalizing Poisson-Lie symmetry [16]
to Jacobi-Lie symmetry and so on. Some of these problems are under investigation [17],[18].
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